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Introduction 

In this paper, we obtain a necessary and sufficient condition for the 744^'' Painleve equation 
to have a rational solution. The ^4^'' Painleve equation is a generalization of the fourth 
Painleve equation. For the classification, we only use the residue calculus. In order to 
get a necessary condition, we firstly use the residue calculus of a rational solution. By 
the Backlund transformation, we secondly transform the parameters of the ^4^'' Painleve 
equation into the fundamental domain. In order to obtain a sufficient condition, we lastly 
use the residue calculus of the principal part of the Hamiltonian, which is introduced in 
Section 3. 

Paul Painleve and his pupil [HI E] classified all differential equations of the form 
y" = F{t,y,y') on the complex domain D where F is rational in y,y', locally analytic 
in t e D and for each solution, all the singularities which are dependent on the initial 
conditions are poles. They found fifty equations of this type, forty four of which can be 
solved or can be integrated in terms of solutions of ordinary linear differential equations, 
or elliptic functions. The remaining six equations are called the Painleve equations and 
are given by 

Pi y" = Qy' + t, 

P2 y" = 2y^ + 3ty + a, 

P3 y" = ky'? - jy' + k<yy' + + ly' + 
y t t y 

P4 y" = Yy^yf + \y' + ^ty" + 2(t2 - a)y + ^, 
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where a, /3, 7, 5 are complex parameters. 

Rational solutions of Pj (J = 2,3,4,5,6) were classified by Yablonski and Vorobev 
[201 [19], Gromak O i], Murata p], Kitaev, Law and McLeod [6] and Mazzocco [8]. 
Especially, Murata [9] classified all of rational solutions of the fourth Painleve equations 
by using the Backlund transformations, which transform a solution into another solution 
of the same equation with different parameters. 

Pj (J = 2, 3, 4, 5, 6) have the Backlund transformation group. It is shown by Okamoto 
|12j [T3] [H] [15] that the Backlund transformation groups are isomorphic to the extended 
affine Weyl groups. For P2, -P3, -P4, -P5, -Pe, the Backlund transformation groups correspond 



to A^^\ A^^^ A\'\ A\'>, Af,D\'>, respectively. 

Nowadays, the Painleve equations are extended in many different ways. Garnier |5] 
studied isomonodromic deformations of the second order linear equations with many reg- 
ular singularities. Noumi and Yamada [10] discovered the equations of type Af\ whose 
Backlund transformation groups are isomorphic to H^(74[^^). These equations are called 
the A^j^^ Painleve equations. The ^2^'' and Ag^^ Painleve equations correspond to the forth 
and fifth Painleve equations, respectively. 
The ^4^'* Painleve equation is defined by 
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where ' is the differentiation with respect to t. For the ^4^"* Painleve equation, we consider 



the suffix of fi and as elements of Z/5Z. From the A^^^ Painleve equation, we have 
Ylt=o'^i ~ '^^^ ^4^^ Painleve equation is an essentially nonlinear equation with the 
fourth order. By setting /g = /4 = 0, we get the ^2^'' Painleve equation which is defined 
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by 



^2(ao,ai,a2) 



r/^ = /o(/i-/2) + «o 
/{ = /i(/2-/o) + «i 

/2 = /2(/0-/l)+«2 
l/0 + /l + /2=t, 

(1) 



which is equivalent to the forth Painleve equation. The A)^ Painleve equation is the first 
equation of the Painleve equations, which is not the original Painleve equations. We 
note that Veselov and Shabat [18] , Adler [1] studied the symmetric forms of the Painleve 
equations from the viewpoint of soliton. 

The Backlund transformation group of the A^^^ Painleve equation is generated by 
So, Si, S2, S3, S4 and vr: 
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If /j = for some i 
given by 



0, 1,2,3,4, we consider s,- as the identical transformation which is 



Siifj) = fj and Si{aj) = Uj (j = 0, 1,2,3,4). 
The Backlund transformation group (sq, Si, S2, Ss, S4, tt) is isomorphic to the extended 



affine Weyl group W{A 

In this paper, we completely classify rational solutions of the A^^'^ Painleve equation 
by using the method of Murata [9]. The result is that rational solutions of the ^4^^ 
Painleve equation are decomposed to three classes, each of which is an orbit by the action 
of 

This paper is organized as follows. Section 1 consists of two subsections. In Subsection 
1.1, we calculate the Laurent series of a rational solution (/i)o<i<4 of A4(aj)o<j<4 at t = 00. 
The residues of (0 < i < 4) are expressed by the parameters (0 < i < 4). In 
Proposition II. H [L2l II. 3[ we determine the Laurent series of /j (0 < i < 4) of A4(a;j)o<i<4 
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and obtain a sufficient condition for /« (0 < z < 4) to be uniquely expanded at t = oo. In 
Subsection 1.2, we get the Laurent series of a rational solution (/j)o<j<4 of y44(aj)o<i<4 at 
t = c G C following Taliara |17j . 

In Section 2, we ffistly introduce shift operators, following Noumi and Yamada [TT] . 
Secondly, from the residue theorem, we get a necessary condition for y44(aj)o<i<4 to have 
a rational solution and prove that if ^4(aj)o<j<4 has a rational solution, the parameters 
Qfj (0 < 2 < 4) are rational numbers. In addition, we transform the parameters into the 
set C which is defined by 

C := {(«i)o<i<4 e I < < 1 (0 < z < 4)}. 

In Section 3, we ffistly introduce the Hamiltonian H of A4(ai)o<i<4 and its principal 
part H following Noumi and Yamada [H]. Secondly, we calculate the residues of H at 
t = oo,c and prove Lemma [3?3l which is devoted to the residue calculus of H. We use 
Lemma 13.31 in order to obtain a sufficient condition for A4{ai)o<i<A to have a rational 
solution. Thirdly, with the residue calculus of H, we prove Theorem 10.11 which gives us a 
necessary and sufficient condition for 744(aj)o<i<4 to have a rational solution. 

The main result of this paper was announced in [7]. 

Theorem 0.1. The A^l^ Painleve equation has a rational solution if and only if the 
parameters Uj (0 < j < 4) satisfy one of the following three conditions. The solution is 
unique, if it exists. 

(1) ao, ai, . . . , 0^4 G Z. 

(2) For some i = 0, 1, ... 4, 

, , / ±i(l,l,l,0,0) modZ 

K,a,+i,a,+2,«.+3,«.+4) = |±i(i^_i,_i,i^o) modZ. 



(3) For some i = 0, 1, . . . , 4, 

, , / 1(1,1,1,1,1) modZ 

K,a.+i,a,+2,a.+3,a.+4) = 11(^^2,1,3,3) modZ, 

with some j = 1, 2, 3, 4. 

(4) Furthermore, by a suitable Bdcklund transformation, the rational solution in the 
class (1), (2), (3) above is respectively transformed into the following. 

(i) 

(/o, fi, f2, /s, /4) = {t, 0, 0, 0, 0) with {ao, ai, 02, "3, "4) = (1, 0, 0, 0, 0), 
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(ii) 

(/o, /i, /2, /s, Ja) = ^' ^' 0' 0) ^^^^ ("0, tti, "2, as, "4) = ^, ^, 0, 0), 

(iii) 

(/o, /i, /2, /a, /4) = I) with (ao, ai, 0^2, "a, "4) = ^, ^, ^, 

55555 55555 
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1 The Expansions of Rational Solutions 

This section consists of two subsections. In Subsection 1.1, we suppose that (/j)o<j<4 is 
a rational solution of yl4(aj)o<j<4. We calculate the Laurent series of fj (0 < j < 4) at 
t = 00, c G C. The residues of fj (0 < j < 4) at t = 00 are expressed by the parameters 
C(j (0 < j < 4) and the Laurent series of fj (0 < j < 4) at t = 00 are uniquely expanded 
under the conditions in Proposition 11.31 

In Subsection 1.2, following Tahara [17j, we compute the residues of fj (0 < j < 4) at 
t = c G C, which are integers. 



1.1 the Laurent Series at t = cx) 

In this subsection, we prove Proposition 1 1 . 1 ^ and [TT^ In Proposition [TTTl we determine 
the order of a pole of ft (0 < i < 4) at t = 00. In Proposition II. 2[ we get the residues of 
(/i)o<i<4 at if: = 00. In Proposition II. 3[ we obtain a sufficient condition for the Laurent 
series of (0 < z < 4) at t = 00 to be uniquely expanded. 

Proposition 1.1. Suppose that {fo, fi, f2, fs, f^) is a rational solution of 
^4(0:0, «!, a2, «3, «4) and some of /o, /i, /2, /s, /4 have a pole at t = 00. Then 
(/o; /i; /2, fs, fi) satisfies one of the following conditions: 

(1) for some i = 0, 1, 2, 3, 4, has a pole at t = 00 with the first order; 

(2) for some i = 0, 1, 2, 3, 4, /j, /j+i, /j+s have a pole at t = 00 with the first order; 

(3) for some i = 0, 1, 2, 3, 4, /j, /j+i, /j+2 have a pole at t = 00 with the first order; 

(4) all of /o, /i, /2, /a, /4 have a pole at t = 00 with the first order. 

We denote the case (1) by Type A (1), the case (2) by Type A (2), the case (3) by 
Type B and the case (4) by Type C, respectively. 
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(1.1) 



Proof. We set 

where no,ni,n2,ns, are integers. 

Since Ylk=o fk — t, the following five cases occur. 

I one rational function of {fk)o<k<4 has a pole at t = oo, 

II two rational functions of (/fc)o<fe<4 have a pole at t = oo, 

III three rational functions of {fk)o<k<i have a pole aX,t — oo, 

IV four rational functions of {fk)o<k<A have a pole aX, t — oo, 

V all the rational functions of {fk\<k<i have a pole sA, t — oo. 

Case I: one of rational function {fk)o<k<4 has a pole at t = oo. By n, we assume 
that /o has a pole at t — oo. Since J2k=o fk ~ it follows that 

no = l,n, <0 (1<J<4). 

Therefore, we get Type A (1). 

Case II: two rational functions of {fk)o<k<4 have a pole at t = oo. Since the suffix 
of fi and ai are considered as elements of Z/5Z, the following two cases occur. 

(1) for some i — 0,1, 2, 3, 4, fi, /j+i have a pole at i = oo, 

(2) for some i — 0,1, 2, 3, 4, /j+2 have a pole at i = oo. 

Case II (1): fi, fi+i have a pole at t = oo. By tt, we assume that /o,/i have a 
pole at it = oo. Since X^^^o/fe ~ follows that 

no = ni>l, nj<0(j = 2,3,4). 

By comparing the highest terms in 

/o = /o(/l-/2 + /3-/4)+«o, 

we obtain 

no — 1 — 2nQ. 
Therefore, we have no — —1, which contradiction. 
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Case II (2): fi,fi+2 have a pole at t — oo. By tt, we assume that /o,/2 have a 
pole at t = oo. Since Ylk=o fk — t, follows that 

no = n2> 1, rij < {j = 1, 3, 4). 

By comparing the highest terms in 

/o = /o(/l-/2 + /3-/4)+«o, 

we obtain 

no — 1 — 2nQ. 

Therefore, we have Uq — —1, which is contradiction. 

Case III: three rational functions of (/fc)o<fc<4 have a pole at t = oo. Since the 
suffix of fi and ctj are considered as elements of Z/5Z, the following two cases occur. 

(1) for some i = 0, 1, 2, 3, 4, /j, /j+i, have a pole sX t — oo. 

(2) for some i = 0, 1, 2, 3, 4, /j, /j+i, /j+3 have a pole at i = 00. 

Case III (1): /j,/j+i,/j+2 have a pole at t = 00. By tt, we assume that /o,/i,/2 
have a pole at t = 00. Since ^^=0 ~ ^' following four cases occur. 

(i) no = rii > ^2 > 1 (ii) ni—n2>nQ>l 

(iii) 712 = no > rii > 1 (iv) no = ni = ^2 > 1. 

Case III (1) (i): no = ni > n2 > 1. By comparing the highest terms in 

/o = /o(/i -f2 + h- h) + «0, 

we have 

no — 1 = 2no. 

Therefore, we have no = —1, which is contradiction. 

Case III (1) (ii) and (iii): ni = n2 > no > 1 or n2 = no > ni > 1. We can show 
contradiction in the same way. 

Case III (1) (iv): no = ni = n2 > 1. By comparing the highest terms in 

7^ = /o(/l-/2 + /3-/4)+«o 
/{ = /l(/2-/3 + /4-/o)+«l 
./^ = /2(/3-/4 + /0-/l)+«2, 
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we have 



Cn2 ^no — 

Since Ylt=o fk — ^'^ follows that 

no = m = ^2 = 1, oi = 6i = ci = ^. 

Therefore, we get Type B. 

Case III (2): fi, fi+i, have a pole at t — 00. By tt, we assume that fo, fi, fs 
have a pole ai t — 00. Since X]t=o fk — the following four cases occur. 

(i) no = ni > ng, (ii) m = ng > no, 

(iii) n3 = ni > no, (iv) no = ni = ns. 

If the cases III (1) (i), (ii) and (iii) occur, we can show contradiction in the same way as 
the case II. 

Case III (iv): no = ni = n^. We suppose that no = ni = n3 > 2. By comparing 
the highest terms in 

/o = /o(/l-/2 + /3-/4)+«o, 

we get 

Ki + = 0. 

Since Ylt=o fk — follows that a„g = 0, which is contradiction. Therefore, we obtain 

no = ni = ns = 1 

and get Type A (2). 

Case IV: four rational functions of (/fe)o<fe<4 have a pole at t = 00. By tt, we 
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assume that /o, /i, /2, /s have a pole at t — oo. Then the following eleven cases occur, 
(i) no^ni> \ \ >1 (ii) no = ^2 > < ^ > 1 



(iii) no = > I I > 1 (iv) rii = ria > | ^° | > 1 

(v) ni = n3>{^°}>l (vi) n2 = n3>{^°}>l 

(vii) no — rii — n2 > ris > 1 (viii) no = ni = > ^2 > 1 

(ix) rii — n2 — > no > 1 (x) ^2 = na = no > ni > 1 

(xi) no = ni = ^2 = 713 > 1- 

If the cases IV (i), (ii), . . . , (vi) occur, we can show contradiction in the same way as the 
case II. 

Case IV (vii) or (ix): no = ni = n2 > ns > 1 or ni = n2 = ns > no > 1. We 
deal with the case IV (vii). The case IV (ix) can be proved in the same way. By 
comparing the highest terms in 

/o = /o(/l-/2 + /3-/4)+«0 
/{ = /l(/2-/3 + /4-/o)+«l. 



we get 



bfii Cji2 — 

"n2 ^no — 0- 



Since ^^=o fi^ ~ ^' follows that 

^no ^ni Cjj2 0, 

which is contradiction. 

Case IV (viii) or (x): no = ni = ns > n2 > 1 or n2 = ns = no > ni > 1. We 
deal with the case IV (viii). The case IV (x) can be proved in the same way. By 
comparing the highest terms in 

/2 = /2(/3-/4 + /0-/l)+«2, 



we have 
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Since ^^.^q ~ ^' follows that 

bni = 0, 

which is contradiction. 

Case IV (xi): riQ = rii = n2 = > 1. By comparing the highest terms in 
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we obtain 

Cfj2 C^na (^ti'i 
dri'j, Q-jiQ ftjii 

We assume that uq = rii = n2 = > 2. Since X]fc=o ~ '^^ follows that 

Since ^^^q fi^ ~ ^' follows that 

which is contradiction. 

We assume that no = ni = 77.2 = ns = 1. The equation (11. 2p implies that 

oi + 2ci = 1, 

because ^^=0/*^ ~ ^- '^^^ equations (1.3) and (1.4) imply that 

di = 3ci — 1, bi = Ci. 

Since ^^=0 = t, it follows that 

1 = ai + bi + Ci + di = 3ci. 

Therefore we obtain ^ 

ci = 77, = 0, 



which is contradiction. 



Case VI: all the rational functions of (/jt)o<fe<4 have a pole at t — oo. Since Ylfk=o fk — 
the following twelve cases occur. 



ii) no = 72,2 > 




xi) no = ni = n2 = ^3 > 714 > 1, 
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viii) no = n2 = ns > 

x) no = ns = n4 > 
xii) no = ni = 




If the cases VI (i), . . . , (iv) occur, we can prove contradiction in the same way as the 
case II. If the cases VI (v), . . . , (x) occur, we can prove contradiction in the same way as 
the case III. 
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in 



— ni — n2 — ns > > 1. By comparing the highest terms 



we have 



f/o 


= Mfi 


-f2 + h 


-U) 


+ ao 


fi 


= /l(/2 


-h + h 


-fo) 


+ «! 




= /2(/3 


-h + h 


-h) 


+ ^2 




= fsih 


-h + h 


-/2) 


+ "3 




= Mfo 


-/1 + /2 


-/a) 


+ a4 



n2 ^T13 

a. 

h 



^n2 ^ns ^no 



-'712 



11 



= 
= 
= 
= 
= 0. 



(1.6) 
(1.7) 
(1.8) 
(1.9) 
(1.10) 



Since ^^=o fk — it follows that 
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The equations (1.6) and (1-11) imply that 
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Case VI (xii): no — rii 
in 





dns — 


'^r h - 




3S that 




I ). which is 


contradiction. 




— Us — > 


1. By comparin 


Jo — 


/o(/i 


- /2 + /a - 


U) + «o 


fi = 


/l(/2 


- /S + /4 - 


/o) + Oil 


< n = 


/2(/3 


- /4 + /O - 


fl) + "2 


/3 = 




-fo + fi- 


/2) + "3 




Mfo 


-/1 + /2- 


/s) + "4, 



we obtain 



-'712 



Cn2 ~l~ ^713 ^714 — 



-'714 



714 



+ a. 



"710 



6„i + c 



710 

ni 

712 



a„o = 



6714 Ct7lO ~l~ ^711 Cji2 



Since the rank of 



/ 1 

-1 

1 -1 

-1 1 



-1 1 -1\ 

1 -1 1 

1 -1 

-1 1 



V 1 



-1 



/ 



is four, it follows that 



(^710) ^711) C^2) ^713) 6714) 0( (1, 1, 1, 1, 1), 

for some a e C*. Since Ylk=o fk — t-iH follows that 

uq — rii — n2 — — Ui — 1, ai — hi — ci — di — ei — 



Therefore, we get Type C. 



□ 
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In the following proposition, we obtain the residues of /j (0 < i < 4) at i = oo for 
^(tti)o<i<4- The residues oi fi {0 < i < A) at t — oo are expressed by the parameters 
aj (0<j <4). 

Proposition 1.2. Suppose that (/j)o<j<4 is a rational solution of A4{aj)Q<j<4. 

(1) If fi has a pole at t — oo for some i = 0, 1, 2, 3, 4, 

fi = t+ (-ttj+i + ai+2 - ai+3 + ai+Ajt'-^ H 

fi+l = C^i+lt + 

< fi+2 = -ai+2t'^ H 

/i+3 = ai+st"^ H 

Ji+A = —ai+4t~^ + • • • . 

(2) If fi, fi+i, fi+3 have a pole at t — oo for some i — 0,1, 2, 3, 4, 

7, = t + (1 - a,)ri + • • • 
fi+l = t + {l- tti+i - 2ai+2 + 2ai+i)t-^ H 

< fi+2 = o:i+2t~^ H 

/i+3 = -t + (-1 - Q!i+3 - 2ai+4)r^ H 

^fi+4 = —ai+4t~^ + • • • . 

(3) If fi, fi+i, fi+2 have a pole at t — oo for some i = 0, 1, 2, 3, 4, 

fi = lt + {ai+i - ai+2 - 3ai+3 - ai+4)t~^ H 

fi+i = lt + {ai+2 - oii- ttj+s + ai+A)t~^ H 

< fi+2 = \t + {oti - ai+i + ctj+s + 3ai+4)t~^ H 

/i+3 = 3ai+3i~^ H 

^ fi+A — —'iOLi+4t~^ + • • • . 

(Jf. ) If all the rational functions of (/o, /i, /2, /a, fi) have a pole at t — oo, 





|t + (3q;i + a2 — 


aa 


— 3Q;4)i"' 




fl = 


It + (3a2 + a;3 - 


q;4 


— 3ao)t' 




< f2 = 


|t + (3q;3 + 0:4- 


ao 


— 3ai)t' 




/3 = 


|t + (3q;4 + aQ — 




— 3a2)t' 






^t + {3ao + CKi - 


q;2 


— 3Q;a)r 





13 



Proof. Type A (1): for some i = 0,1, 2, 3, 4, fi has a pole at t = oo. By n, we assume that 
/o has a pole at t = oo. Then it follows from Proposition 11.11 that 

where rii, n2, ^3, 77,4 < 0. Since J2k=o fi^ ~ ^' follows that ai = 1. By comparing the 
coefficients of the term t"!"*"^ in 

/( = /l(/2-/3 + /4-/o)+«l, 

we get 

rii = -1, b^i = ai, or/i = 0. 

In the same way, we obtain 

n2 = -1, c„i = -a2, or /s = 0, 
rig = -1, d_i = ag, or /g = 0, 
n4 = — 1, e_i = —04, or /4 = 0. 

Since ^^^q ~ ^' -^^ follows that 

oq = 0, a_i = — «! + a2 — 0(3 + 04. 

Type A (2): for some i = 0,1, 2, 3, 4, /j, /j+i, /j+3 have a pole at t = cxd. By tt, we assume 
that fo, fl, /a have a pole at t = 00. Then it follows from Proposition 11.11 that 



k 



y J2 — Z^fc=-oo ^k^^ 

/s = Y.k=~oodkt'', fi = Y2t-oo^kt 

where n2,?7,4 < 0. By comparing the coefficients of the term in 

'/o = /o(/i-/2 + /3-/4) + ao 

= /l(/2-/3 + /4-/o)+«l, 

we have 

' hi + di = 



(1.12) 



ai + di = 0. 



Since ^^=0 ~ follows that 



ai = 61 = 1, (ii 
14 



By comparing the coefficients of tfie term t in 

'/^ = /2(/3-/4 + /0-/l)+«2 
./i = /4(/0-/l + /2-/3) + «4, 

we obtain 

Co = Co = 0. 

By comparing tfie constant terms in 

/2 = /2(/3 - /4 + /O - /l) + "2 
./i = /4(/0-/l + /2-/3) + «4, 

we fiave 

c_i = 0:2, e_i = —0:4. 
By comparing tfie coefficients of ttie term t in 

/o = /o(/l - /2 + /3 - /4) + «0 
./{ = /l(/2-/3 + /4-/o) + «l, 

we obtain 

'bo + do^O 
ao + do — 0. 

Since Ylt=o fk — t, it follows that 

ao^bo ^ do^ 0. 
By comparing the constant terms in 

/o = /o(/l - /2 + /s - /4) + «0 
./{ = /l(/2-/3 + /4-/o)+«l, 

we have 

a_i = —2a2 + 2q;4 + ccq — 1 
d_i = —Oio + Oil + 3q;2 — 80:4. 

Since ^^=0 = it follows that 

6-1 = — «! — 2q;2 + 2q;4 + 1. 
15 



Type B: for some i = 0,1, 2, 3, 4, fi, /,+!, /j+2 have a pole at t = cxd. By tt, we assume that 
/o; /i; /2 have a pole at t = oo. Then it follows from Proposition 11.11 and its proof that 

fo= lt+ EL-oo (^kt^^ fl = lt + EL-oo bkt'', f2 = \t+ EL-oo Cfct'', 

where n^,n4, < 0. By comparing the coefficients of the term t in 

/3 = /3(/4-/0 + /l-/2)+a3, 

we obtain = 0. By comparing the constant terms in 

/3 = /3(/4-/o + /l-/2)+«3, 



we have 

In the same way, we get 



Co = 0, e_i = —804. 
By comparing the coefficients of the term t in 

/o = /o(/i - /2 + /a - U) + "0 

= /l(/2-/3 + /4-/o)+«l, 



we obtain 





0. 



Since ^^.^g = t, it follows that 

ao = bo = Co = 0. 
By comparing the constant terms in 

= /o(/i-/2 + /3-/4) + ao 
= /i(/2-/3 + /4-/o) + ai 

= /2(/3-/4 + /0-/l)+«2, 



we get 




1 — 8«o ~ — 804 

1 — 3ai + 80:3 + 8^4 

1 — 8^2 — 3a;3 — 804. 
16 



Since ^^.^q ~ ^' follows that 

{a_i = «! — 02 — 3a3 — 04 
= —ao + ^2 — as + 04 
c_i = ao — + as + 30:4. 

Type C: all the rational functions of /o, /i, /2, /s, A have a pole at t = 00. Then it follows 
from Proposition 11.11 and its proof that 

fo = lt+ J2l=-oo "'kt'', /l = |t + ZlL-00 ^kt'', f2 = lt+ J2l=-oo ^kt^^ M 

h = \t+ eL-oo 4t^ h = \t+ eL-oo ett\ 

By comparing the coefficients of the term t in 

Vo = /o(/i-/2 + /3-/4) + ao 
= /i(/2-/3 + /4-/o) + ai 

< /^ = /2(/3-/4 + /0-/l)+a2 
/3 = /3(/4-/0 + /l-/2)+a3 
^/l = /4(/0-/l + /2-/3)+a4, 

we obtain 

60 - Co + rfo - eo = 
Co — rfo + Co — cto = 
< do - Co + ao - &o = 
Co - ao + &o - Co = 
^ao - 60 + Co - (io = 0. 

Since the rank of 

/ 1 -1 1 -1 \ 

-10 1-11 
1-10 1-1 

-11-10 1 
\ 1 -1 1 -1 / 

is four, it follows that 

(ao, 60, Co, 4, Co) = 13 (1, 1, 1, 1, 1), 
for some /3 G C. Since X]fe=o fk = ^! it follows that 



ao = 60 = Co = do = Co = 0. 
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By comparing the constant terms in 



we obtain 



( f 

fo 




/o(/i - 


- /2 + /S 


-U) 


+ "0 


fi 




fl{f2 - 


-h + U 


-fo) 


+ «! 


' J2 




72 1/3 - 


- /4 + /O 


-h) 


+ 012 






fsih - 


- /o + /l 


-/2) 


+ "3 


u 




Ufo - 


- /l + /2 


-h) 


+ Q!4, 


1 = 


h 


-1 - C- 


_i + d^i + e_i 


+ 5ao 


1 = 


c 


_i — 


-1 + e_i - 


- a„i 


+ 5ai 


< 1 = 


d 


_i - e- 


-1 + a-i - 


-6-1 


+ 5^2 


1 = 


e 


_i — a_ 


-1 + - 


- c_i 


+ 5^3 


1 = 

V 


a 




-1 + c_i - 


- 


+ 5^4 



Since ^^^q ~ ^' follows that 

a_i + 6_i + c_i + d_i + e_i = 0. 

Therefore we get 





-1 


= 3a;i + a;2 


- «3 


— 3^4, 


6_ 


-1 


= 3a;2 + 0:3 


— 0:4 


- 3ao, 


< c„ 


"1 


= 3a;3 + 04 


- ao 


— 3ai, 


d_ 


-1 


= 3a;4 + 


— «! 


- 3^2, 


e_ 


-1 


= 3ao + tti 


— 0:2 


- 3a3. 



□ 

In the following proposition, we get a sufficient condition for the Laurent series of 
fj (0 < j < 4) at t = 00 to be uniquely expanded. 

Proposition 1.3. Suppose that {fj)o<j<4 is a rational solution on Proposition 

(1) If fi has a pole at t = 00 and /j+i, /j+2, fi+3, fi+i are regular at t = 00 for some 
i = 0,1, 2, 3, 4, the Laurent series of fj (0 < j < 4) at t = 00 are uniquely expanded. 

(2) If fi, /i+i, /i+3 have a pole at t = 00 and /j+2, fi+4 are regular at t = 00 for some 
z = 0, 1, 2, 3, 4, the Laurent series of fj (0 < j < 4) at t = 00 are uniquely expanded. 

(3) If fi, fi+i, fi+2 have a pole at t = 00 and fi+3, fi+4 are regular at t = 00 for some 
i = 0,1, 2, 3, 4, the Laurent series of fj (0 < j < 4) at t = 00 are uniquely expanded. 

(4) If all the rational functions of (/i)o<i<4 have a pole at t = 00, the Laurent series of 
fj (0 < j < 4) at t = 00 are uniquely expanded. 
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Especially, we have the following: 
Type A (1): for some z = 0, 1, 2, 3, 4, fi has a pole at t = oo and fi+i, fi+2, fi+3, fi+A are 
regular at t = oo. Then, 

' fi+i =0 if ai+i = 
fi+2 = if ai+2 = 
fi+3 = if ai+3 = 
Ji+4 = if ai+i = 0. 

Type A (2): for some i = 0, 1, 2, 3, 4, /j, /j+i, /j+3 have a pole at t = 00 and fi+2, fi+A are 
regular at t = 00. Then, 

fi+2 = if ai+2 = 
fi+4 = if ai+4 = 0. 

Type B: for some i = 0,1,2,3,4, fi, fi+i, fi+2 have a pole at t = 00 and fi+3, fi+4 are 
regular at t = 00. Then, 

fi+3 = Oif ai+3 = 
fi+4 = if ai+4 = 0. 

Proof. If there exists a rational solution of Type A (1), we have 
fo = t + a_,t-' + ^kt', /i = b,,t-' + ht", f2 = c^it-' + EkLoo Ckt' 

f3 = d^,t-' + Ei-oo 4t^ /4 = e_it-i + 



where a_i, c_i, e_i have been determined in Proposition 11.21 By comparing the 
coefficients of the terms t'^ {k < —2) in 

= /l(/2-/3 + /4-/o)+«l 

/2 = /2(/3-/4 + /0-/l)+a2 

/3 = /3(/4-/0 + /l-/2)+«3 

l/l = /4(/0-/l + /2-/3)+«4, 

we get 

'bk-l = bk{k + 1) + Zl-m=yk h-m{Cm - dm + Cm - Om) 
Cfc— 1 = Ck{k + 1) ^2rn=k ^k-m{dm Cm + C^m ^m) 
dk-l = dk+i{k + 1) + X]m=fc dk-m{,^m ~ C^m + ~ C^) 
y(^k—l (fc + 1) X!]m=fc m('^m 6^ -|- C^, C^m) • 

In Proposition 11.2^ we have had 



b-i = ai, c_i 



-0:2, (i-i = as, e_i = —04. 
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Therefore we get 



Since ^^=q fj = t, it follows that 



7i 


= if ai 


= 




= if 


= 






h 


= if as 


= 


M 


= if ^4 


= 


-h 


-1 — Cfc-l 


- dk 



Therefore, if there is a rational solution of Type A (1), the coefficients ak, bk, Ck, dk, Ck {k < 
—2) are determined inductively and it is unique. 

If there exists a rational solution of Type A (2), we have 



fo = t + a^it-' + Efci-oo (^kt", fi = t + h^,t-^ + Y.lLoo M^ /2 = c_it"i + E 

h = -t + d^rt-^ + EfeLoo dkt\ h = e_it-i + 



Ckt" 



ekt" 



where a_i, c_i, e_i have been determined in Proposition 11.21 By comparing the 
coefficients of the terms {k < —2) in 

'/2 = /2(/3-/4 + /0-/l)+«2 
/i = /4(/0-/l + /2-/3)+a4, 



we get 



Cfc_l = Ck+l{k + 1) + Ylm=k C{k-m){dm " 6^ + O.^ - b„ 
Ck-l = -ek+l{k + 1) - Yl^rn=k^k-m{a, 



dr, 



In Proposition 11.21 we have had 

c_i = ^2, e_i = —04. 
Therefore the coefficients Cfc, {k < —2) are determined inductively and we get 



/2 = if aa 
/4 = if 0:4 








By comparing the coefficients of the terms {k < —2) in 

7o = /o(/l - /2 + /s - /4) + «0 

/{ = /i(/2-/3 + /4-/o) + ai 

/3 = /3(/4-/0 + /l-/2)+a3, 
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we get 



+ 4-1 = Ck-i + Ck-i - ak+i{k + 1) 
-4-1 - flfc-i = -Cfc-1 - ek-1 - bk+i{k + 1) 
-afc_i + 6fc-i = -Cfc-i + Cfc_i - dk+i{k + 1) 

Since ^j=o /i ~ ^' follows that 

Ofc-i + bk-i + 4-1 = — Cfc-i — Cfc-i. 

Therefore, if there is a rational solution of Type A (2), the coefficients a/c, 6^, dfc (/c < —2) 
are determined inductively and it is unique. 

If there exists a rational solution of Type B, we have 

f0 = \t + a^,t-' + E,=-oo Cikt\ h = \t + b^lt-' + EkLoo bkt', f2 = \t + C.,t-' + EfcLoo Ckt\ 

h = d.,t-' + EkLoo dkt\ U = e-it-i + ZlLoo ekt', 

where a_i, c_i, e_i have been determined in Proposition 11.21 By comparing the 
coefficients of the terms {k < —2) in 

'/3 = /3(/4-/0 + /l-/2)+«3 
,/i = /4(/0-/l + /2-/3)+a4, 

we obtain 

dk-l = — 3(A; + l)dk+l + 3 Y2rn=k dk-m{^m ~ O^m + ^m~m) 
Ck-l = S{k + l)ek+l - ^Yll,=k'^k-miam -bm + Cm - ^m). 

In Proposition II. 2^ we have had 

d_i = 80:3, e_i = — 804. 
Therefore the coefficients dk, {k < —2) are determined inductively and we get 

'/s^Oif a3 = 0, 
/4 = if 04 = 0. 
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By comparing the coefficients of the terms t'^ {k < —2) in 



we have 




7o = /o(/l-/2 + /3-/4)+«0 
= /l(/2-/3 + /4-/o)+«l 
/^ = /2(/3-/4 + /0-/l)+«2, 



-3(A; + l)afc+i + 3 J2m=k ak-m{bm - + c/^ - 

—3{k + l)Cfc_|_i + 3 X/m=fc '^k-mi.dm ~ Cm + C^m ~ 



Since ^j^g /« ~ ^' follows that 

flfc-l + &fc-l + Cfc-l = 4-1 — Cfc-l- 

Therefore, if there is a rational solution of Type B, the coefficients ak,bk, Ck {k < —2) are 
determined inductively and it is unique. 

If there exists a rational solution of Type C, we have 



fo = lt + a^it-^ + J2k=-2 ^kt\ h = \t + b-it 
f3 = \t + d_it^^ + J2k=-2 dkt'', fi = 



-1 



EkZ^bkt', /2 = |t + c_,ri + 



oo 
fe=-2 

=_2 ^kt 



where a_i, c_i, e_i have been determined in Proposition 11.21 By comparing the 
coefficients of the terms {k < —2) in 

/o = /o(/i - /2 + /a - Ia) + «o 

/{ = /l(/2-/3 + /4-/o)+«l 
/2 = /2(/3-/4 + /0-/l)+«2 
/3 = /3(/4-/0 + /l-/2)+a3 
,/i = /4(/0-/l + /2-/3)+a4, 

we get 



bk~i 




^1 + 4-1 




= 5(/c + l)afe+i 


~ 5 J2m= 




-m (^m 


Cm 


~l~ '^m 


Cm) 


Cfc-l 


- 4- 


-1 + Cfe-i 


— flfe-l 


= 5(A; + l)6fc+i 


" 5 Z]m= 




-m (Cm 


'^m 


~l~ Cm 


Cim) 


< 4-1 




-1 + flfe-i 


- &fc-l 


= 5{k + l)cfe+i 


~ 5 X]m= 




-m ('J^m 


Cm 


+ flm 


bm) 


ek-i 


- ak- 


-1 + bk-i 


- Ck-1 


= 5(A; + 1)4+1 


~ 5 J2m= 


--k 4- 


-m(Cm 


'^m 


+ &m 


Cm) 


^Ofc-i 


- bk- 


-1 + Cfc-l 


— 4-1 


= 5{k + l)ek+i 


~ 5 Z]m= 




-m (O-m 




~l~ Cm 


- rfm) 
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Since the rank of 








1 


-1 


1 


-1 \ 




-1 





1 


-1 


1 




1 


-1 





1 


-1 




-1 


1 


-1 





1 


v 


1 


-1 


1 


-1 


/ 



is four, bk-i, Cfc_i, dk-i, Ck-i can be expressed by 

ai{k — 1 < i < 1), bj, Cj, dj, Cj {k < j < 1). 

Since ^^^g fk = follows that 

ak-i + bk-i + Ck-i + 4-1 + Cfc-i = 0. 

Therefore, if there is a rational solution of Type C, the coefficients ak,bk,Ck,dk,ek {k < 
—2) are determined inductively and it is unique. □ 

From Proposition 11.31 we have 

Corollary 1.4. Let {fj)o<j<i he a rational solution o/ y44(Q;j)o<j<4. Then, fj (0 < j < 4) 
are odd functions. 

Proof. A4{aj)o<j<A is invariant under the transformation 

s-i:t~^-t, f,^-fj (0<j<4). 

Each of Type A, Type B, Type C on Proposition 11.11 is also invariant under Then 
fj{t) = —fj{—t) (0 < j < 4), because the Laurent series of fj at t = oo on each of types 
are unique. Therefore, fj are odd functions. □ 

1.2 the Laurent Series at i = c G C 

In this subsection, we calculate the Laurent series of /j (0 < j < 4) at t = c G C for 
A4(aj)o<j<4, which are determined by Tahara [17J. The residues of fj {0 < j < 4) at 
t = c G C are integers. 

Tahara [17] obtained the following proposition: 

Proposition 1.5. // some of (/j)o<j<4 have a pole at t = c E C, fj is expanded as the 
following three types: 
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(1) if fi, /j+i have a pole at t = c E C for some i = 0,1, 2, 3, 4, 

fi = {t- c)^i + i + (l + fi - I"* - ftti+i - |"*+3) {t - c) 

+ (-|(gi+2,2 + gi+4,2) + f + i(«i+2 + di+i)) (t - c)2 H 

= -{t - C)-^ + f + (l - - i"i - - ftti+s) - C) 

^ + (-|(?i+2,2 + gi+4,2) - |C - f (tti+2 + "m)) (t - C)2 ■ ■ • 

/j+2 = -aj+2(t - c) + gi+2,2(t - c)2 H 

/,+3 = ^(t-c)+0(t-c)2 + ... 

= -ai+4(^ - c) + gi+4,2(t - c)2 ■ ■ ■ , 
where qi+2,2,(li+'i,2 are arbitrary constants. 

(2) if fi, /i+2 have a pole at t = c E C for some i = 0,1, 2, 3, 4, 
= -{t - c)"^ + (ic- g^+3,o) 

+ (^1 (2 + ai+i - ai+2 - Sai+3 - ai+i) + |gi+3,o (c - gi+3,o - 2gi+4,o) - | (^c - gi+3,o) 
X (t - c) + ■ ■ ■ 

/i+i = - c) H 

' /i+2 = (t- c)-^ + (|c - g,+4,o) 

+ - "i + "i+i - "i+s - 3ai+4) - |gi+4,o(c - 2gj+3^o - ?i+4,o) + |(|c - gi+4,o)^) 
X (t - c) + ■ ■ ■ 

fi+3 = gi+3,0 + (gi+3,o(-c + gi+3,0 + 2gi+4,o) + "i+a) - c) H 

, /j+4 = Qi+4,0 + (o'm.olc — 2gi+3^o ~ Qi+4,o) + ttm) {t — c) + ■ ■ ■ , 

where gi+3,0, Q'j+4,0 ore arbitrary constants. 

(3) if fi+i, fi+2, fi+3, fi+A have a pole at t = c e C for some i = 0, 1, 2, 3, 4, 

7. = -f(t-c) + --- 

/i+i = 3(t - c)"^ + (^f^ - I - |aj + |ai+2 + |ai+3 - |ai+4) - c) H 

< fi+2 = {t- c)~^ + + ! + + - |ai+3 + |ai+4) - c) H 

fi+3 = -{t - c)~^ + f + (-fi + I + ai + - |«i+2 + |«i+4) - c) H 

Ji+i = -3(t - c)-^ + (-fi - I - ftti - + lai+2 + ftti+s) - c) H • 

From Proposition ll.5[ we obtain the following corollary: 
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Corollary 1.6. Suppose that (/i)o<i<4 is a rational solution of A4{ai)o<i<4,. 

(1) If c E C \ {0} is a pole of fi , —c is also a pole of fi and Rest=cfi = Rest=-cfi- 

(2) If Rest=oofi is an even integer, t = is not a pole of f^. Therefore, 

where Oj^i = 0, ±1, |, | and Eij = ±1, ±3 and qj ^ 0. 

(3) If Rest=oDfi is an odd integer, t = is a pole of fi. Therefore, 

where ej^o? = ilj ±3 and Cij ^ 0. 

Proof. (1) Let c G C \ {0} be a pole of Then it follows from Proposition 11.51 and 
Corollary 11.41 that /, has a pole at t = c with the first order and is an odd function: 

Mt) = -f\{-t). 

Therefore, — c is also a pole of fi and Rest=c/j = R-es_c/i. 

(2) Suppose that t = is a pole of fi. Let ±Ci,±C2,-- - ± c„- G C \ {0} be 
poles of fi. Then, it follows from the residue theorem that 

-Rest=oo fi = Rest=ofi + 2 ^ Rest=cji, 
which is contradiction because ReSf=o/j = ±1 or ±3. 

(3) Suppose that t = is not a pole of fi. Let ±ci,±C2,--- ± c„. G C \ {0} be 
poles of fi. Then, it follows from the residue theorem that 

-ReSi=oo/i = 2'^ReSf=c,/», 

which is contradiction. □ 
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2 A Necessary Condition 

In this section, following Noumi and Yamada [TDj, we firstly introduce the shift operators 
of the parameters (aj)o<i<4. Secondly we get a necessary condition for y44(aj)o<i<4 to have 
a rational solution and prove that if A4(ai)o<i<4 has a rational solution, (0 < i < 4) 
are rational numbers. Thirdly, we transform the parameters into the set C. 
Noumi and Yamada [10] defined shift operators in the following way: 



Proposition 2.1. For any i = 0,1,2,3,4, Tj denote shift operators which are expressed 
by 

Ti = TCS4SSS2S1, T2 = Si7rS4S3S2, T3 = S2Si7rS4S3, T4 = S3S2Si7rS4, Tq = SiSsS2SiTC. 

Then, 



Ti(aj_i) = ai_i + 1, Ti{ai) =0^-1, Ti{aj) = aj {j^i- 1, 



I ■ 



In Proposition 11.21 and II. 5[ we have determined the residues of /j (0 < z < 4) at 
t = 00, c E C, respectively. Therefore, the residue theorem gives a necessary condition 
for y4(aj)o<i<4 to have a rational solution. 

Theorem 2.2. If the A4^{aj)Q<j<4 has a rational solution, {a^, 01,02,0:3,0^4) satisfy one 
of the following conditions: 

(1) if A4{oj)o<j<4 has a rational solution of Type A, Oi E Z {0 < i < 4); 

(2) if A4{oj)o<j<4 has a rational solution of Type B, for some i = 0,1, 2, 3, 4, 

ni n-s ni ni rn 
[Oi, Oi+i, Oi+2, ttj+a, am) = s"' Y ' Y Y ' Y ' — 3''^ modi., 

where rii, n^, = 0, 1, 2; 

(3) if A4{oj)o<j<4 has a rational solution of Type C, for some i = 0,1, 2, 3, 3, 4, 

2^2 3^3 ni 2n2 rii ni n2 Ui 

(ai,aj+i,aj+2,aj+3,ai+4) = (yH — - — \ — —, Y + ^ — Y~^Y' + ' 

where rii, n2, = 0, 1, 2, 3, 4. 

In (1), (2) and (3), we consider the suffix of the parameters Oi as elements ofZ/bZ. 

Proof. Proposition 11.51 implies that Rest=c/i = ±1, ±3 (0 < z < 4) for t = c G C. There- 
fore, it follows from the residue theorem that Resj=oo/j G Z (0 < z < 4). 
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If Type A (1) occurs, it follows from Proposition 11.21 that ttj+i, aj+2, Oi+s, £ ^, 
which proves that G Z because J2k=o'^k = 1- 

If Type A (2) occurs, we can show that aj € Z (0 < j < 4) in the same way as Type 
A(l). 

If Type B occurs, it follows from Proposition 11.21 that Rest=oo/i+3 and Rest=oo/j+4 ^ Z, 
which means that 

ttj+s = y, oti+A = — ^, ns, Hi G Z. 

Furthermore, Proposition 11.21 implies that ReSf=oo/i+i and Rest=oo/i+2 £ Z, which shows 
that 

ris Hi 
ai+2 -ttj--^ — = miel^ 

ai - tti+i + — - ^4 = m2 G Z. 
o 

By solving this system of equations of a^, we obtain 

ai = ttj+i - Y + m2 + n4 

ai+2 = ttj+i + Y + mi + m2 + 714. 

Since a^+s = y-,aj+4 = — -y and J2^=o'^j = 1, it follows that Oj+i = ^ for some integer 
rii G Z, which implies that 

,ni 111 111 

[at, Oi+i, ai+2, ai+3, am) = s"' Y ' Y"^ Y ' Y' — s"'' 

If Type C occurs, it follows from Proposition 11.21 that 

3ai + 0^2 ~ Q^a ~ 3a4 = itlq G Z 
3a2 + as — ^4 — 3ao = mi G Z 
Sas + a4 — ao — 3ai = m2 G Z 
3a4 + ao — ai — 3a2 = m-3 G Z 
3ao + ai — a2 — 3a3 = m4 G Z. 
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By solving this system of equations, we obtain 

3 2 

"0 = «3 - ^"^0 - -^rr 

1 2 

ai = as + -mi - -rr. 

5 5 

4 3 



as = as 

3 13 
a4 = as — -rriQ + -mi — -m2. 



Since ^^=q a^ = 1, it follows that 



'f b ' 

aj = ^ njGZ (0<j<4). 
We substitute aj = ^ into the residues of /-,• at t = cx) again and get 



3ni 


+ n2 


- ns 


— 3^4 


= 


mod 5 


3n2 


+ n3 


— n4 


- 3^0 


= 


mod 5 


3^3 


+ n4 


- ^0 


— 3^1 


= 


mod 5 


3n4 


+ no 


- ni 


- 3^2 


= 


mod 5 


3^0 


+ ni 


- n2 


- 3ns 


= 


mod 5 



By solving this system of equations in the field Z/5Z, we obtain 

Uq = h + 2/2 + 3/3 mod 5 
111 = li + 2/2 + ^s mod 5 
n2 = h mod 5 

ns = h + h mod 5 

n4 = li + I3 mod 5. 

□ 

By the Backlund transformations, we can transform the parameters obtained in Theo- 
rem 12.21 into the set C. For the purpose, we study the relationship between the Backlund 
transformations Sj (0 < i < 4) and Type A, Type B, Type C on Proposition 11.11 in the 
following proposition: 



T'l - -^rn2 - -ms 



I2 + T^iz 



28 



Proposition 2.3. The Bdcklund transformation Si preserves Type A, Type B and Type 
C on Proposition \l.l[ 

Type A (1): for some j = 0,1,2,3,4, fj has a pole at t = oo. When j = i,i ± 1, 
Si preserves Type A (1). When j = i ± 2, Sj changes Type A (1) into Type A (2). 

Type A (2): for some j = 0,1,2,3,4, fj,fj+i,fj^3 have a pole at t = oo. When 
j = i,i — l,i + 2, Si preserves Type A (2). When j = i + l,i — 2, Sj changes Type A (2) 
into Type A (1). 

Type B and C are invariant under the Bdcklund transformations. 

With the Backlund transformations, we transform the parameters (ai)o<j<4 in The- 
orem 12.21 into the set C. In the set C, we have one, five, six kinds of parameters which 
correspond to the parameters in (1), (2), (3) in Theorem 12. 2[ respectively. 

Theorem 2.4. By some Bdcklund transformations, the parameters in (1), (2), (3) 
in Theorem \2.2\ can be transformed into the following parameters in the set C , respectively. 

(1) The parameters are transformed into (1, 0, 0, 0, 0) . 

(2) The parameters in Theorem \2.2\ (2) are transformed into one of 



111 , ,2 I , A 2,1 11,, 
(3,3,3,0,0),(-,0,0,-,0),(-,0,0,-,0),(0,-,0,-,-),( 



1,0,0,0,0). 



The parameters in Theorem \2.2\ (2) are transformed into ( 



111 

3' 3' 3' 



0,0) if and only if 



(m, ns, n,) = (±1, 0, 0), (±1, 0, ±1), (±1, ±1,0), ±(0, 1,-1), 



or if and only if for some i = 0, 1, ... 4 



(cti, ttj+i, ai+2, aj+3, Oii+i) 



±1(1,1, 
±1(1,-1, 



1,0,0) modZ 
-1,1,0) modZ. 



(3) The parameters in Theorem \2.2\ (3) are transformed into one of 



11111, , ,3 111 22,, 

(-,-,-,-,-),(i,o,o,o,o),(-,o,-,-,o),(-,o,-,-,o),( 



5' 5 



1 2 
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The parameters in Theorem \2.^ (3) are transformed into (|, |, |, |, |) if and only if 

(ni, 712, ns) = (1, 0, 0), (1, 2, 2), (1, 0, 1), (1, 2, 3), (1, 1, 0), (2, 0, 0), 
= (2, 4, 4), (2, 0, 2), (2, 4, 1), (2, 2, 0), (2, 2, 1), (3, 0, 0), 
= (3, 1, 1), (3, 3, 4), (3, 3, 0), (3, 0, 3), (3, 1, 4), (4, 0, 0), 
= (4, 3, 3), (4, 4, 0), (4, 4, 2), (4, 3, 2), (4, 0, 4), 

or if and only if for some z = 0, 1, . . . , 4, 

' '^l, 1,1,1,1) modZ 



1^1(1, 2, 1,3, 3) modZ, 

with some j = 1, 2, 3, 4. 

Proof. (1) We inductively prove that the parameters (no, ^i, n2, ns, 114) G Z can be 
transformed into (1, 0, 0, 0, 0). 

i) Four of the parameters are 0. 

By 71, the parameters can be transformed into (1, 0, 0, 0, 0). 

ii) Three of the parameters are 0. 

(1) By Tfi, we have (no, rii, 0, 0, 0) — > (%, 0, 0, 0, 0), 

(2) By we get (rio, 0, ris, 0, 0) — . {no, n^, 0, 0, 0), 

iii) Two of the parameters are 0. 

(1) By T^^, we obtain (no, ni, n2, 0, 0) — > {hq, ui + n2, 0, 0, 0) 

(2) By Tg"^ we have (no, ni, 0, ns, 0) — > (no, ni, ns, 0, 0, 0) 



iv) One of the parameters is 0. 

By T^"", we get (no, ni, n2, ng, 0) — > (no, ni, n2 + ng, 0, 0). 

v) None of the parameters is 0. 

By T2'^, we obtain (no, n-i, n2, n.3, n.4) — > (no, n-i, n.2, ns + n.4, 0), 

(2) By some Backlund transformations, we can transform the parameters 

ni ns ni ni n4 ns n4. 
(00,01,02,03,04) = (-^ 3"' Y' y Y' Y' — 3''^ modZ, ni,n^,n^ = 0, 1,2, 

into the set C. We have to consider 3'^ = 27 cases. Here, we show that (oi)o<i<4 can be 
transformed into the set C in the following five cases. The other cases can be proved in 
the same way. 
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When rii — ris — — 0, the discussion on (1) imphes that 

(ao, ai, ^2, as, cui) — (1, 0, 0, 0, 0). 
When rii — 1,713 — 0, 714 = 2, by tt, we get 

11 1 111 

(3,3,0,0,3)^(3,3,3,0,0). 

When ni = 1 = ^3 = n4 = 1, by So ° ^4, we obtain 

121 1 ^ 0) 

^ ' 3' 3' 3'^3^ ' ^3' '3' ' 

When ni = 1,713 = = 2, by Sq, we have 

112 1, 1 2 , 

When ni — 1 — — l,ni — 2, by tt, we get 

(o,5,o,-,-)^(-,o,-,-,o). 

(3) By some Backlund transformations, we can transform the parameters 

n-i 2n2 , 3^3 rii 2^2 , ^3 rii rii n2 rii 

ni, 712,713 = 0, 1,2,3,4 

into the set C. We have to consider 5^ = 125 cases. Here, we only prove that (ai)o<j<4 can 
be transformed into the set C in the following six cases. The other cases can be proved 
in the same way. 

When 7ii = 7i2 = 7i3 = 0, by some shift operators, we get 

K)o<i<4^ (1,0,0,0,0). 

When 7ii = 1, 7i2 = 7i3 = 0, by some shift operators, we obtain 

11111 

{a,)o<^<,^ {-,-,-,-,-). 

When 7ii = 0, 7i2 = 2, 713 = 0, by 7r~^ o S40 sq, we have 

,14 2 , ,3 11, 
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When rii = 0, n2 = 1, ns = 0, by some shift operators, we get 




2 9 1 



When rii = n2 = 0, 77,3 



2, by some shift operators, we obtain 




When rii = = 0, 



1, by some shift operators, we have 




□ 



3 A Sufficient Condition 



In the previous section, we have shown a necessary condition for A4{ai)o<i<A to have a 
rational solution and have transformed (aj)o<i<4 e into the set C. 

In this section, following Noumi and Yamada [10], we firstly introduce the Hamiltonian 
H for Aa ('^i)o<i<4 and its principal part H. Secondly, from Proposition [L2J and we 
calculate the residues of H at t = oo,c. Thirdly, by the residue calculus of H, we decide 
a sufficient condition for A4(aj)o<i<4 to have a rational solution. 

Noumi and Yamada [11] defined the Hamiltonian H of y44(a;j)o<j<4 by 



We suppose that {fj)o<j<4 is a rational solution of A4(aj)o<j<4- The order of a pole 
of at t = 00 is at most three, because Proposition 11.11 implies that /« (0 < i < 4) have 



H = /0/1/2 + /1/2/3 + /2/3/4 + /3/4/0 + /4/0/1 

+ ^ (2ai - ^2 + "3 - 20:4) /o + ^ (2q;i + 4^2 + ^3 + 804) /i 
5 5 

- - (3«i + ^2 - ^3 + 20:4) /2 + - (2q;i - 0:2 + "3 + 80:4) fs 
5 5 

(3«i + a2 + 4^3 + 204) /4. 



if denotes the principal part of H which is defined by the equation 



H = /0/1/2 + /1/2/3 + 72/3/4 + /3/4/0 + fifofi- 
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a pole at t = oo with the first order or are regular at t = oo. Since Corollary 11.41 shows 
that /i (0 < z < 4) are odd functions, the Laurent series of at t = oo are given by 

H := h^^st^ + hoo,it + /ioo,-it"^ + 0{r^) at t = oo. 

In the following lemma, we calculate hoo-i by using the Laurent series of /j (0 < i < 4) 
at t = oo in Proposition II. 2[ 

Lemma 3.1. Suppose that {fj)o<j<4 is a rational solution o/ y44(a;j)o<j<4. 
Type A (1): for some i = 0, 1, 2, 3, 4, fi has a pole at t = oo. Then, 

Type A (2): for some i = 0, 1, 2, 3, 4, /j, /j+i, /j+3 have a pole at t = 00. Then, 
hoo-i = -0Li+2{pLi + tti+a) + ai+4(ai+i + ai+3) + ai+2ai+4- 

r^/j^e 5.- for some z = 0, 1, 2, 3, 4, /j, /j+i, /j_,.2 /iat;e a pole at t = 00. Then, 

hoo-i = 2 { - (ttj - ttj+i + ttj+s)^ - (ai+2 - ftj - ai+3 + "1+4) (aj+2 + aj+4 - "j+i) - 90^+30^+4 } . 

Type C: /o, /i, /2, /s, /4 /^a^^e a pole at t = 00. Then, 

hoc, -1 = ^(-0^1 + a-ie_i - - a_ic_i - c\ + c_i(i_i + 2(i_ie_i), 
5 

a_i = 3ai + 02 — 03 — 3^4, 6_i = 3^2 + «3 — «4 — 3ao7 c_i = 3a3 + a^ — — 3ai, 
d_i = 3q;4 + ao — — 3a;2, e_i = 3ao + ai — 02 — 3^3. 

In the following lemma, we decide the residue of if at t = c by using the Laurent 
series of /j (0 < i < 4) in Proposition 11.51 

Lemma 3.2. Suppose that (/i)o<i<4 is a rational solution of Ai{ai)o<i<i and some rational 
functions of {fi)o<i<4 have a pole at t = c E C Then the residue of H at t = c is as 
follows: 

(1) if fi, /i+i have a pole at t = c E C for some i = 0,1, 2, 3, 4, 

Rest=cH = aj+2 + ^i+A] 
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(2) if fi, /i+2 have a pole at t = c E C for some i = 0,1, 2, 3, 4, 

Rest=cH = Oi+i, 

(3) if fi+i, fi+2, fi+3, fi+4 have a pole at t = c e C for some i = 0,l, 2, 3, 4, 

Rest=cH = ai+i + ai+4. 

From now on, let us study a rational solution of A4{aj)o<j<4 when (ai)o<i<4 is in the 
set C. For the purpose, we have the following lemma: 

Lemma 3.3. Suppose that the parameters (aj)o<j<4 £ cire in the set C . If A4{aj)o<j<4 
has a rational solution {fj)o<j<4, then, 

hoo-i > 0. 

Proof. Let ci,...,Ck G C be the poles of (/j)o<j<4- Since < ctj < 1 (0 < z < 4), it 
follows from Lemma 13.21 that 

Rest=ciH >0{l<l<k). 
Therefore it follows from the residue theorem that 

k 

hoo-1 = -Rest=ooH = ^Rest=ciH > 0. 

1=1 

□ 

For the residue calculus of H, we make two tables about the residues of -ff at t = c G C. 



Table 1: the residues of if at t = c G C in the case of (|, |, |, 0, 0) 



i 





1 


2 


3 


4 


ai+2 + Oli+4 


1 


1 

+ 


1 
3 


■1 
3 


1 


Oti+l 
















3 


3 


1 
3 


1 
3 


3 



By using Table 2, we study a rational solution of Type A of ^4(1, 0, 0, 0, 0). 
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Table 2: the residues of H at t = c E C in the case of (1, 0, 0, 0, 0) 



i 





1 


2 


3 


4 


ai+2 + oii+i 





1 





1 



















1 







1 








1 



Lemma 3.4. 744(1,0,0,0,0) has a unique rational solution of Type A which is given by 

(/0,/l,/2,/3,/4) = (t,0,0,0,0). 

Proof. If ^44(1, 0, 0, 0, 0) has a rational solution of Type A, it follows from Lemma \37L\ that 
hoc -I = 0. Furthermore Lemma [3^ and Table 2 imply that the residue of if at t = c G C 
is nonnegative. Then it follows from the residue theorem that R.est=cH = 0. Therefore, 
Table 2 implies that 

(/0)/l)) (/2,/3); (/4,/o) 

(/0)/2)5 (/l^/s), {f2,fi), (/a? /o) 

(/l, /2, /s, /4), (/s, /4, /o, /l), (/4, /o, /l, /2) 

can have a pole at t = c G C. 

Proposition 11.11 shows that Type A (1) and Type A (2) can occur. 

Type A (1): for some i = 0,1,2,3,4, /j has a pole at t = 00. If /q has a pole 
at t = cxD, it follows from the uniqueness in Proposition 11.31 that 

(/0,/l,/2,/3,/4) = (t,0,0,0,0). 

We suppose that /i has a pole at t = 00 and show contradiction. The other four cases 
can be proved in the same way. Proposition 11.21 implies that 

-Rest=oo/i = 1, /2 = /s = /4 = 0, -Rest=oo/o = -1- 

Since f2 = fs = f^ = 0, only (/o, /i) can have a pole in C. It follows from Proposition 
11.51 that Rest=o/o = 1, Ilest=o/i = — 1, which contradicts the residue theorem. 

Type A (2): for some i = 0, 1, 2, 3, 4, /j, /j+i, /j+3 have a pole at t = 00. 
When /o, /i, /s have a pole at t = 00, Proposition 11.21 shows that 

-Resf=oo/o = 0, -Rest=oo/i = 1, f2 = 0, -Rest=oo/3 = -1, fi = 0. 
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Since /2 = /4 = 0, 

(/0)/l)) (/ij/s); (/S) /o) 

can have a pole in C. If (/o,/i) or (/s, /o) have a pole at t = c G C, it follows from 
Proposition 11.51 that Rest=cfo = 1, which contradicts the residue theorem. If (/i, /s) have 
a pole at t = c e C, it follows from Proposition 11.51 that Res4=c/i = —1, Rest=c/3 = 1, 
which contradicts the residue theorem. 

When /i, /2, /4 have a pole at t = oo, it follows from Proposition 11.21 that 

-Rest=oo/i = 1, -Rest=oo/2 = 3, /a = 0, -Rest=oo/4 = -3, -Rest=oo/o = -1- 
Therefore 

(/o,/l), (/4, /o) (/o,/2), (/2,/4), (/4, /o, /l, /2) 

can have a pole in C because /a = 0. When (/4,/o), {f2,fi), (/4, /o, /i, /2) have a pole 
at t = c G C, it follows from Proposition 11.51 that Rest=c/4 = 1, 3, which contradicts the 
residue theorem. If (/q, /i) have a pole at t = c G C, it follows from Proposition 11.51 that 
Rest=c/i = —1, which contradicts the residue theorem. If (/o, /2) have a pole at t = c G C, 
it follows from Proposition 11.51 that Resj=c/o = —1, Rest=c/2 = 1, which contradicts the 
residue theorem. 

When /2, /a, /o have a pole at t = oo, it follows from Proposition 11.21 that 
-Rest=oo/2 = 1, -ReSi=oo/3 = 1, /4 = 0, -ReSi=oo/o = -1, -Rest=oo/i = -1- 

Then Corollary 11.61 shows that (/o, /i, /2, /s) have a pole at t = because Resj=oo/j (0 < 
j < 4) are odd integers. Lemma 13.21 implies that Rest=oH = 1. Since —Rest=ooH = 
hoo-i = and Rest=cH is nonnegative, this contradicts the residue theorem. 
When /s, f^, fi have a pole at t = oo, it follows from Proposition 11.21 that 

-Rest=oo/3 = 1, -Rest=oo/4 = -1, -Rest=oo/o = 1, -Rest=oo/i = -1, /2 = 0. 
Therefore 

(/o, /l), (/4, /o) (/ij/s), ifs, fo) (/s, /4, /o, /l) 

can have a pole in C. Since f^^O and Rest=oo/4 7^ 0, has a pole at t = c G C. If 
(/4, /o) have a pole at t = c G C, it follows from Proposition II. 5l that Resj=c/4 = 1, which 
contradicts the residue theorem. If (/s, /4, /o, /i) have a pole at t = c G C, it follows from 
Proposition 11.51 that Resj=c/4 = 3, which contradicts the residue theorem. 
When /4, /o, /2 have a pole at t = oo, it follows from Proposition 11.21 that 

-Rest=oo/4 = 1, -Rest=oo/o = 0, fi = 0, -Rest=oo/2 = -1, /s = 0. 



Since /i = /s = 0, 



(/4,/o) (/0;/2), {f2, fi) 
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can have a pole in C. When (/4, /o) or (/o, /2) have a pole at t = c G C, Proposition 
11.51 shows that Rest=c/o = —1, which contradicts the residue theorem. Therefore, /o is 
regular in C and {f2, fi) have a pole at t = c because ReSi=oo/2 and ReSf=oo/4 are not 
zero. Proposition 11.51 and Corollary 11.61 imply that 

/4 = t+^, fo = t, h = 0, f, = -t-j, /3=0, 

because Rest=oo/4 and Rest=oo/2 are odd integers. By substituting this solution into 
^4(1, 0, 0, 0, 0), we can show contradiction. □ 

By using Table 1, we study a rational solution of Type B of A4(|, |, |, 0, 0). 

Lemma 3.5. A^l^, |, |, 0, 0) has a unique rational solution of Type B which is given by 

(/o, /i, /2, /s, f^) = (-, -, -, 0, 0). 

Proof. Proposition 11.21 implies that /i,/j+i,/j+2 can have a pole at t = 00 for some 
i = 0, 1,2,3,4. 

If /o, /i, /2 have a pole at t = 00, Proposition 11.21 and 11.31 show that 

(/O, /l, /2, /S, fi) = 0, O). 

If /i) /2, /s have a pole at t = oo, it follows from Proposition 11.21 that 

-Rest=oo/i = -Rest=oo/2 = 0, -Rest=oo/3 = 1, /4 = 0, -Rest=oo/o = -1- 

Lemma 13.11 shows that /ioo,-i = 0. Furthermore Lemma 13.21 and Table 1 implies that 
Rest=cH is nonnegative when {aQ,ai, 02,03,04) = (|,|,|,0,0). Thus, the residue theo- 
rem shows that Ilest=cH = 0. Therefore Lemma [3^ and Table 1 implies that only (/2, f^) 
and (/s, /o) can have a pole at t = c G C. Since f^ = 0, f^ cannot have a pole in C. If 
(/s, /o) have a pole at t = c G C, it follows from Proposition 11.51 that Rest=c/3 = —1 and 
Rest=c/o = 1) which contradicts the residue theorem. 

If f2, fs, fi have a pole at t = 00, it follows from Lemma [3. II that h^o-i = — |, which 
contradicts Lemma [3. 3[ 

If /s; fi^ fo have a pole aX t = 00, it follows from Lemma [XT] that /ioo,-i = which 
contradicts Lemma [3. 3[ 

If /4; /o; /i have a pole at t = cxd, it follows from Proposition 11.21 that 

-Res4=oo/4 = -1 - Rest=oo/o = 0, -Rest=oo/i = 0, -ReSi=oo/2 = I, fs = 0. 
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Lemma 13.11 implies that /ioo,-i = 0. Table 1 shows that ReSf=c-ff is nonnegative 
when (ao, ai, «2, ^3, 0^4) = (I'l'I^O^O)- Thus, it follows from the residue theorem that 
Ilest=cH = for any c G C. Therefore, Lemma [3.21 and Table 1 imply that only {f2, Ja) 
and (/s, /o) can have a pole in C. Since /s = 0, /s cannot have a pole in C. If (/2, f^) have 
a pole at t = c G C, it follows from Proposition 11.51 that Rest=c/2 = —1 and Rest=c/4 = 1, 
which contradicts the residue theorem. □ 



By using Lemma [3. 3 [ we prove the following lemma: 

Lemma 3.6. A4(|, 0, 0, |, 0), A^^, 0, 0, |, 0), ^4(0, |, 0, |, i), ^4(1, 0, 0, 0, 0) do not have 
a rational solution of Type B. 

Proof. If the equations in the lemma have a rational solution of Type B, it follows from 
Lemma [3.11 that /ioo,-i < 0, which contradicts Lemma [3.31 □ 

From Proposition II. H 11.21 and 11.31 we prove the following lemma: 

Lemma 3.7. ^4(|, |, |, |, |) has a unique rational solution of Type C which is given by 

(/o, /i, /2, /s, fi) = (-, -)• 



By using Lemma [3.31 we prove the following lemma: 

Lemma 3.8. ^4(1,0,0,0,0), A4(|, 0, |, i, 0), A4(|, 0, |, |, 0), A4(|, |, 0, 0, |), 
^44(1, |, 0, 0, |) do not have a rational solution of Type C. 

Proof. If the equations in the lemma have a rational solution of Type C, it follows from 
Lemma [3. II that /ioo,-i < 0, which contradicts Lemma [3.31 □ 

Theorem 12.21 proves that if Ai{ai)o<i<i has a rational solution of Type A, the param- 
eters «i (0 < z < 4) are integers. Theorem 12.41 shows that (a;j)o<i<4 can be transformed 
into (1, 0, 0, 0, 0). Lemma [3^ proves that ^4(1, 0, 0, 0, 0) has a unique rational solution of 
Type A which is given by 

(/0,/l,/2,/3,/4) = (t,0,0,0,0). 

Therefore, A4(aj)o<j<4 has a rational solution of Type A if and only if (0 < i < 4) are 
integers. Furthermore, the rational solution is unique and can be transformed into 

(/o, /i, /2, /a, fi) = {t, 0, 0, 0, 0) with (ao, ai, 0^2, as, a^) = (1, 0, 0, 0, 0). 

Theorem 12.21 implies that if A4(Q;j)o<j<4 has a rational solution of Type B, for some 
z = 0,l,2,3,4, 

(tti, a,+2, o^^+3, ai+4) = *-y ~ y ' Y' y + y ' y ' — J> modZ, 
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where ni, 77,3, = 0, 1, 2. Theorem 12.41 shows that the parameters (Q:i)o<i<4 can be trans- 
formed into one of 

(i i ^,0,0), (|o, 0,^,0), (^,0,0 J, 0), (0,^,0,^,^ 



and that the parameters (ai)o<i<4 are transformed into (|, |, |, 0, 0) if and only if for some 
z = 0,l,...4, 



. , / ±i(l,l,l,0,0) modZ 

Lemma [331 shows that A4(|, |, |, 0, 0) has a unique rational solution which is given by 

(/O, = g, g, 0, O). 

Lemma ESI shows that A^i^, 0, 0, |, 0), A4(|, 0, 0, |, 0), ^4(0, |, 0, |, i), ^4(1, 0, 0, 0, 0) do 
not have a rational solution of Type B. Therefore, y44(aj)o<j<4 has a rational solution of 
Type B if and only if for some i = 0, 1, ... 4, 



[cui, aj+i, Q;i+2, ctj+s, aj+4j 



±1(1,1,1,0,0) modZ 
±1(1,-1,-1,1,0) modZ. 



Furthermore the rational solution is unique and can be transformed into 

(/o, /i, /2, /s, A) = (^, ^, ^, 0, 0) with (ao, ai, aa, as, 04) = (^, ^, ^, 0, 0). 

Theorem 12.21 proves that if A4{ak)o<k<4: has a rational solution of Type C, for some 
2 = 0,1,2,3,4, 

. ,ni 2n2 , 3^3 rii 2n2 , ns rii rii n2 rii ns 
{ai,ai+i,ai+2,0(i+3,ai+i) = (y± — ± — , y + ~ + Y' Y Y' ^ 

where ni,n2,n3 = 0,1,2,3,4. Theorem 12.41 shows that the parameters (afc)o<A;<4 can be 
transformed into one of 

and that the parameters (Q;fc)o<fc<4 are transformed into (i, i, |, |, |) if and only if for 
some i = 0, 1, . . . , 4, 



(ctj, Oi+i, aj+2, ai+35 ^4+4) = 
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^(1,1,1,1,1) modZ 
;(1,2, 1,3,3) modZ, 



with some j = 1,2,3,4. Lemma [3?71 imphes that y44(|, i, |, |, i) has a unique rational 
solution of Type C which is given by 

(/O; /l; /2, /S; Ja) = ^, ^, ■^)- 

Lemma [31] shows that ^(1, 0, 0, 0, 0), A^d 0, |, |, 0), A^^, 0, |, |, 0), A^^ |, 0, 0, |) and 
y44(|, i, 0, 0, i) do not have a rational solution of Type C. Therefore A4(aj)o<j<4 has a 
rational solution of Type C if and only if for some i = 0, 1, . . . , 4, 



(ai,ai+i,ai+2,ai+3,ai+4) = S / 



^a, 1,1, 1,1) modZ 



1,2,1,3,3) modZ, 



with some j = 1,2,3,4. Furthermore, the rational solution is unique and can be trans- 
formed into 

(/o, /i, /2, /s, Ia) = ^' ^' ^' ^) wi^h («o, ai, "2, as, "4) = ^, ^, ^, ^). 



We complete the proof of the main theorem. 
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